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Abstract: Principal Component Analysis (PCA) is a powerful tool for understanding the underlying structure and
relationships within multivariate datasets, often collected through extensive field surveys and monitoring programs.
This study explores the best practices for performing PCA on incomplete datasets with missing values, with a focus on
the significance of sophisticated imputation techniques or resilient missing data strategies to maintain the analytical
value of ecological datasets. The study proposes leveraging the power of Singular Value Decomposition (SVD) and the
inherent low-rank structure of ecological data, offering a robust framework for analyzing complex ecological systems,
enabling the identification of latent ecological factors, prediction of missing observations, and ultimately, a deeper
understanding of the dynamics governing these systems. The PCA results conducted on a simulated dataset illustrate
the performance comparison between two different methods for handling missing data in PCA. The NIPALS method,
while offering an alternative standardization approach, should be used with caution due to its potential to significantly
alter the PCA outcomes. Regularized SVD demonstrated the most consistent performance across all levels of
missingness, indicating its robustness for handling the missing data. Future research should explore alternative
etiologies and their effects on PCA outcome, as well as sensitivity analyses to determine optimal regularization
parameters.

Keywords: Incomplete Datasets, Low-Rank, Matrix Completion, Principal Component Analysis (PCA), Regularization,
Singular Value Decomposition (SVD).

I. INTRODUCTION
Analyzing ecological data is crucial to understanding the complex interactions within natural systems. As the volume
and complexity of environmental data continue to grow, innovative data processing and analysis techniques have become
increasingly important. One promising approach is matrix completion using regularized principal component analysis (PCA)
(Shen & Huang, 2008) to address the challenge of missing data in ecological datasets [1].

Ordination in ecology is a fundamental statistical approach to understanding the relationships between species, sites,
and environmental variables [2]. Principal Component Analysis (PCA) offers a robust statistical framework to achieve this
by reducing the dimensionality of the data, identifying the principal axes of variation, and visualizing patterns [3]. PCA
simplifies multivariate relationships by transforming the original variables into principal components that capture the most
variation in the data. By analyzing these principal components, ecologists can interpret the ecological processes and factors
driving the observed patterns.

The role of PCA in ecological analysis is multifaceted [3]. First, PCA reduces the complexity of ecological data by
transforming it into a set of principal components, which are orthogonal vectors representing the directions of maximum
variance [3]. This reduction helps focus on the most significant patterns and relationships, crucial for interpreting ecological
data and identifying key factors influencing species distributions and community structures [3]. Second, the principal
components identified by PCA reveal the significant axes of variation within the data, often corresponding to underlying
ecological gradients or patterns, such as variations in species composition along environmental gradients like moisture,
temperature, or elevation. Understanding these axes allows ecologists to infer the ecological processes and factors that shape
the observed patterns [4, 5].

Third, PCA facilitates the creation of ordination plots, graphical representations of the relationships among samples
and variables. In these plots, samples, different sites) are represented as points, and their positions reflect their similarities
or differences, enabling the visualization of eco-logical patterns. Missing values in ecological data matrices can introduce
significant bias and uncertainty, hindering the accuracy of pnt analysis (PCA) and the subsequent accuracy of modeling
ecological patterns and processes [6]. Missing data is a ubiquitous issue in empirical research, with far-reaching implications
for the validity and reliability of study findings. Rubin's work has identified three fundamental types of missing data
mechanisms: Missing Completely at Random (MCAR), Missing at Random (MAR), and Missing Not at Random (MNAR) [7].

(https://creativecommons.org/licenses/by-nc-nd/2.0/)
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[8] MCAR, the most benign form, occurs when the probability of missing data is unrelated to observed and unobserved
variables. Conversely, MAR depends on observed data but not the unobserved missing values, posing a more challenging
scenario. MNAR, the most problematic case, arises when missingness depends on unobserved missing values, even after
accounting for observed data [9]. Principled approaches such as multiple imputation and complete information maximum
likelihood have been proposed to address this challenge [10] [9].

Multiple imputations, in particular, have been shown to produce efficient and valid estimates when the missing data
mechanism is correctly specified. However, applying these techniques is not yet widespread in the ecological research
community.[11][12-15]. Little and Rubin’s work on missing data identifies three fundamental types [7]: Missing Completely
at Random (MCAR), missing at Random (MAR), and Missing Not at Random (MNAR). MCAR is the most benign type, where
the probability of missing data is unrelated to observed and unobserved values. Conversely, MAR has MARbserved data and
is more challenging as it depends on unobserved missing values. For example, if bird count data is missing due to logistical
difficulties but is recorded in the data, MAR allows valid inferences under certain conditions. MNAR, on the other hand,
depends on unobserved missing values, even after accounting for observed data.

This type of missing data is the most challenging, as standard methods may lead to biased results. The imputation
method estimates individual missing values within a dataset, often relying on statistical models or relationships between
observed variables. Techniques include mean imputation, regression imputation, multiple imputation, and k-nearest
neighbors imputation. The choice of imputation method depends on the data type, missing data mechanism, and desired
properties of the imputed values [14, 16].

This method assumes that the ecological data is a multivariate normal distribution, that each variable is normally
distributed, and that the relationship between variables is also normal. Parametric methods assume a specific distribution
for the data and estimate the parameters of this distribution to impute missing values. The choice between these approaches
depends on data characteristics, the number of missing values, computational complexity, and the complexity of the
data.[17] We can take advantage of the low-rank structure that many ecological systems have by expressing ecological data.
This low-rank property suggests that a small number of underlying variables, such as species interactions or environmental
gradients, are responsible for the observed patterns [18, 19]. Then

Y =L XF

Where:
e Y (nxp): The observed data matrix (e.g., grass species).
e [ (nxr): Amatrix representing the site-specific effects of the underlying ecological factors.
e F(rxp): A matrix representing the year-specific effects of the underlying ecological factors.
e r: The rank of the approximation, representing the number of underlying ecological factors. This is typically much
smaller than both n and p.

Appropriate modifications may be made to current algorithms when using PCA techniques to handle missing data
and increase the accuracy of the results. For example, using regularized singular value decomposition (SVD) in PCA
eliminates some of the drawbacks of conventional PCA and produces more accurate, robust, and consistent findings.

The best practices for performing PCA on incomplete datasets are suggested here, focusing on the significance of
resilient missing data strategies to maintain the analytical value of ecological datasets. These techniques involve generalized
low-rank models (GLRMs), which employ low-rank matrices to estimate any given data array.[20]

The structure of ecological data with missing values is analogous to the problem encountered in recommender
systems, where missing entries in user-item matrices must be predicted.[21, 22] In recommender systems, Cand'es’
groundbreaking work on matrix completion provides a robust framework for addressing this challenge[s, 23, 24]. Matrix
completion, a technique rooted in mathematics and machine learning, offers a promising solution. By leveraging the
inherent structure and correlations present within ecological data, matrix completion aims to estimate the missing values in
a principled manner.

This approach is particularly well-suited for low-rank datasets, where a few latent factors can represent the
underlying data. In the ecological context, these latent factors could correspond to underlying environmental gradients,
species interactions, or other driving forces shaping the observed patterns. Matrix completion techniques have been
developed to effectively handle missing data by leveraging the low-rank nature of the dataset.
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Table 1: Comparison of Low-Rank Assumption and Multivariate Normal Distribution Approaches

Feature Low-Rank Assumption Multivariate Normal Distribution

Underlying [Data has a low-rank structure. Data follows a multivariate normal

Assumption distribution.

Missing Data Matrix Completion (e.g., nuclear norm Parametric Methods (e.g., EM, regression

Imputation [minimization, ALS) imputation)

Strengths ~ Works well for high-dimensional data with |Interpretable and straightforward if the normality
strong correlations. Robust to outliers. assumption holds.

Limitations [It may not be suitable for data with complex, [Sensitive to outliers and deviations from
non-linear relationships. normality

The study aims to improve the accuracy and effectiveness of Principal Component Analysis (PCA) in scenarios with
incomplete data. Traditional PCA, often implemented through Singular Value Decomposition (SVD), is effective for
dimensionality reduction and feature extraction but can be significantly hampered by missing values. The researchers
propose an alternative approach that uses mathematical relationships between matrix decomposition techniques to develop
a modified PCA algorithm that can handle missing data while maintaining PCA’s core principles. This innovative approach
could significantly impact fields such as bioinformatics, social sciences, and engineering, where incomplete datasets are
standard.

II. DATA AND METHODS
Assessing PCA Performance under Various Missing Data Scenarios:
A low-rank ecological dataset was simulated and used as the ground truth to assess PCA performance under various
missing data scenarios. PCA was initially applied to this complete dataset, calculating singular values and variances for later
comparison.

Missing data was introduced at 10%, 30%, and 70%. This was done randomly across the dataset.
Three distinct PCA approaches were compared on these incomplete datasets:

A. Statistical methods:
Standard Principal Component Analysis (PCA) using Singular Value Decomposition (SVD) involves preprocessing the
data, extracting the right singular vectors, and calculating the proportion of variance explained by each PC.

Principal Component Analysis (PCA) using Singular Value Decomposition (SVD):
a) Given:

e A data matrix X of size n x p, where:

e nisthe number of observations (samples)

e pis the number of variables (features)

i) Singular Value Decomposition (SVD): Decompose the centered data matrix X g

using SVD:
X =usvT
Where:
e Uisann x northogonal matrix (left singular vectors)
e Xisann x p diagonal matrix of singular values (0, 2 0,2 ... 2 0, 2 0)

e Visap x p orthogonal matrix (right singular vectors)

ii) Principal Components (PCs):
e The columns of V are the data's principal components (PCs).
e The first PC (the first column of V) represents the direction of maximum variance in the data.
e The second PC represents the direction of the second largest variance, orthogonal to the first PC, and so on.

iii) Scores:
e The scores are the projections of the original data points onto the principal components. They are calculated as
follows:
Scores = X'V
e Alternatively, they can be calculated as:
Scores = UX
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iv) Explained Variance:
e The singular values in X are related to the variance explained by each principal component.
* The proportion of total variance explained by the i-th PC is:

Dimensionality Reduction:

I

Where di= ¢?;
To reduce the dimensionality of the data, select the top k principal components (columns of V), where k < p. This is
equivalent to keeping the top k singular values and vectors in the SVD.
e The reduced data matrix can be reconstructeollows:
Xy =0z V,."

Where Uy, X, and V, are truncated versions of U, X, and V respectively.

The Eckart-Young theorem guarantees that the low-rank approximation obtained by truncating the SVD is the best
possible approximation for minimizing the squared reconstruction error. NIPALS for PCA is used to iteratively compute
principal components to maximize captured variance in the presence of missing data.

B. NIPALS Algorithm (R):
PCA was performed directly on the data with missing values, utilizing the NIPALS algorithm available in R. This
approach does not require prior imputation.[25]

C. Imputation Methods:
Two common imputation techniques were applied before conducting standard PCA:
e Mean Imputation: Missing values were replaced with the mean of their respective variables.
e Multiple Imputation: Several plausible imputed datasets were generated, and PCA was applied to each, with results
pooled for analysis.[26]

D. Regularized PCA:

A regularized PCA method was employed to handle missing data directly without requiring imputation.
For each method and missingness level, the resulting principal components (PCs) and their associated variances were
compared to the results obtained from the complete dataset. This comparison allowed for assessing how well each method
preserved the original data structure and relationships in the presence of varying amounts of missing data.

III. REGULARIZED SVD FOR PCA TO HANDLE MISSING DATA
A. Given:
¢ A data matrix X of size n x p with missing values.

B. Steps:
a) Centering:
e Subtract the mean of each column (feature) from the corresponding column in X, ignoring the missing values.

e This yields a centered data matrix.
X = X — mean(X)

b) Initialize Missing Values:
e Initialize missing values in X estimates with zeros, column means, or some other initial

¢) Regularized SVD:
e Decompose the centered data matrix using regularized SVD:
X =uzvT
e Regularization is applied to prevent overfitting and handle the missing data. This is achieved by adding a
regularization term to the SVD optimization problem:
poymin [[W © (X — USVT)II?, + AUl + V1),

Where:
e W is a weight matrix with w;; = 0 if x;; is missing and w;; = 1 otherwise.
e (O denotes element-wise multiplication.
o | HF denotes the Frobenius norm.
e ) is the regularization parameter.
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d) Iterative Imputation:
e Use the resulting U, %, and V to reconstruct and update missing values
e Repeat the Regularized SVD and imputation steps until convergence or a maximum number of iterations is reached.

e) Principal Components (PCs):
¢ The columns of V are the data's principal components (PCs).
e The first PC (the first column of V) represents the direction of maximum variance in the data.
e The second PC represents the direction of the second largest variance, orthogonal to the first PC, and so on.

f) Scores:
e The scores are the projections of the original data points onto the principal components. They are calculated as
follows:
Scores = X V
e Alternatively, they can be calculated as:
Scores = UZ

g) Explained Variance:
¢ The singular values in X are related to the variance explained by each principal component.
¢ The proportion of total variance explained by the i-th PC is:
Al
A
Where li= 6?;

C. Dimensionality Reduction:
e To reduce the dimensionality of the data, select the top k principal components (columns of V), where k < p. This is
equivalent to keeping the top k singular values and vectors in the SVD.
¢ The reduced data matrix can be reconstructed as follows:
X =02V,

Uy, X, and V; are truncated versions of U, X, and V respectively.
The performance of each method will be evaluated by comparing explained variance, reconstruction error,

IV.RESULTS
A. Simulated Data:
Assessing PCA Performance under Various Missing Data Scenarios:
To assess PCA performance under various missing data scenarios, a low-rank ecological dataset was simulated and
used as the ground truth. PCA was initially applied to this complete dataset, calculating singular values and variances for
later comparison.

Missing data was introduced at 10%, 30%, and 70%. This was done randomly across the dataset.
Three distinct PCA approaches were compared on these incomplete datasets:

B. NIPALS Algorithm (R):
PCA was performed directly on the data with missing values, utilizing the NIPALS algorithm available in R. This
approach does not require prior imputation.

C. Imputation Methods:
Two common imputation techniques were applied before conducting standard PCA:
e Mean Imputation: Missing values were replaced with the mean of their respective variables.
e Multiple Imputations: Several plausible imputed datasets were generated, and PCA was applied to each, with results
pooled for analysis.

D. Regularized PCA:

A regularized PCA method was employed to handle missing data directly without requiring imputation. For each
method and missingness level, the resulting principal components (PCs) and their associated variances were compared to
the results obtained from the complete dataset. This comparison allowed for assessing how well each method preserved the
original data structure and relationships in the presence of varying amounts of missing data. The table below summarizes
the comparison metrics for each technique and missingness level.
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Table 2 presents a comparative analysis of three methods for handling missing data in Principal Component Analysis
(PCA): NIPALS, Mean Imputation, and Regularized SVD. The evaluation focuses on preserving the original data structure, as
measured by differences in explained variance (for the first two principal components, PC1 and PC2) and correlations
between loadings across varying levels of missing data (10%, 30%, and 70%).

E. Nipals:
NIPALS demonstrates an increasing deviation from the original PCA results as the percentage of missing data
increases. While loadings correlations remain relatively high

Table 2: Comparison Metrics for Each Method and Missingness Level

Method Missingness [Explained Variance Diff (PC1, PC2) [Loadings Diff (Correlation)
INIPALS 10% (0.02,0.03) 0.98

30% (0.24, 0.02) 0.95

70% (0.31, 0.08) 0.89
Imputation (Mean) 10% (0.005, 0.01) 0.99

30% (0.01, 0.02) 0.98

70% (0.05, 0.06) 0.92
Regularized SVD 10% (0.001, 0.003) 0.999

30% (0.008, 0.015) 0.995

70% (0.02, 0.04) 0.97

(0.89 or above), the differences in explained variance become more pronounced, especially at 70% missingness (0.31
for PC1, 0.08 for PC2). This suggests that while NIPALS captures some of the original variable relationships, it struggles to
accurately represent the overall variance structure when faced with substantial missing data.

F. Mean Imputation:

Mean imputation performs well at low to moderate levels of missingness (10% and 30%), with minimal differences
in explained variance and very high correlations of loadings (0.98 or above). However, its performance deteriorates at 70%
missingness, where the explained variance differences increase (0.05 for PC1, 0.06 for PC2), and the loadings correlation
drops to 0.92. This indicates that mean imputation may introduce bias and distort the data structure when many values are
missing.

G. Regularized SVD:

Regularized SVD consistently outperforms both NIPALS and mean imputation across all levels of missingness. It
exhibits the smallest differences in explained variance and maintains the highest correlations of loadings, even at 70%
missingness (0.02 for PC1, 0.04 for PC2; correlation of 0.97). This robustness suggests that regularized SVD is the most
reliable method for handling missing data in PCA, as it effectively preserves the original data structure and relationships
between variables.

This analysis underscores the importance of carefully selecting a missing data handling method for PCA, as the choice
can significantly impact the interpretation and reliability of the results.

H. Real data:

The data is from ecological data on grass species from various zones, focussing on diversity and density. The dataset
contains measurements from 62 locations, including species such as Panicum maximum, Cymbopogon caesius, and
Eragrostis rigidior. However, significant data gaps exist, including CO3 and HCO3 alkalinity, calcium levels, and trace metal
concentrations. The report also emphasizes the variation in species density across locations, indicating different ecological
niches. Missing data, such as 58 for Chloris virgata, reduces the reliability of conclusions.

V. MISSING DATA ANALYSIS
A. Missing Data Analysis for Ecological Data:

The following table provides a detailed breakdown of missing data in the ecological dataset. It lists each variable, the
statistics or values, the frequency of valid observations, a graphical representation (denoted by bars for simplicity), and the
count of valid and missing observations. Below is a summary of the missing data percentages for each variable in the
ecological dataset:

Table 3: Percentage of Missing Data by Variable
No Variable Missing Percentage (%)

1 |ecological zone 0
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2 [ranch communal 0

3 [panicum maximum 61.3
4 (cymbopogoncaesius 98.4
5 leragrostisrigidior 43.5
6 leragrostispallens 98.4
7 [|triraphisschinzii 5.2
8 |senyane 98.4
9 lanthephorapubescens 98.4
10 |eragrostislehmanniana 79.0

The Principal Component Analysis (PCA) was performed on an ecological dataset with missing values using the
NIPALS algorithm. The analysis focused on extracting the first five principal components. The results showed that the PCA
did not perform as expected due to the high level of missing data and its distribution across variables. The zero eigenvalues
suggest that the variance explained by the components is negligible, highlighting the challenges of analyzing incomplete
datasets. The first component explains some variance, but subsequent components do not contribute further. Each
component required two iterations for computation. Centering and scaling factors were calculated for each variable and
standardized before analysis. The scores were undefined for all observations and components, indicating an inability to
position the samples in the new component space.

B. Ordinary PCA:
e PC1 explained 34.6% of the variance, indicating a strong pattern or gradient in the data corresponding to this
principal axis.
e PC2 and PC3 together accounted for an additional 42.0% of the variance, cumulatively reaching over 76.3% with the
first three components.
e The remaining components progressively contributed less, with the total explained variance approaching 100% by
the 15th component.

C. Comparison of Explained Variance Differences for PCA Methods Handling Missing Data:
This table compares the explained variance of each principal component (PC) between different PCA methods and the
baseline regularized PCA.
Table 4 Explained Variance Differences
Method PC1 |PC2 | PC3 | PC4
Imputed vs. Reg. |0.156 |0.149]0.0840.028
INIPALS vs. Reg. |0.223(0.176|0.042(0.037

This table compares the differences in explained variance for each principal component (PC) between two PCA
methods that handle missing data (Imputed and NIPALS) and a baseline regularized PCA (Reg.). The explained variance
quantifies how much of the total variation in the data is captured by each PC.

D. Imputed vs. Reg.:

¢ Positive Differences: The positive values indicate that the PCA performed on the imputed data explains more variance
than the regularized PCA for each of the first few PCs (PC1 through PC4).

e Potential Implication: This suggests that the imputation process might have introduced some artificial structure or
patterns into the data that were not initially present. These artificial patterns can inflate the variance explained by
the PCs.

e Magnitude: The differences are relatively significant for the first two PCs (0.156 and 0.149) and decrease for
subsequent PCs. This indicates that the impact of imputation is most pronounced in the primary axes of variation.

E. NIPALS vs. Reg.:

e Positive Differences: Similar to the imputed data, the NIPALS PCA also explains more variance than the regularized
PCA for the first few PCs.

e Potential Implication: This implies that the NIPALS standardization procedure, designed to handle missing data,
might also introduce some degree of artificial structure or exaggerate existing patterns in the data.

e Magnitude: The differences in explained variance for NIPALS are even more significant than those for the imputed
data, especially for PC1 (0.223) and PC2 (0.176). This suggests that NIPALS has a more substantial influence on the
variance structure than simple imputation.
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F. Imputed vs. Reg:

This row shows the differences in explained variance between PCA performed on imputed data, and PCA performed
on the regularized data. The values are positive, indicating that the imputed PCA explained more variance than the
regularized PCA for each of the first few PCs. This suggests that imputation might have introduced some artificial structure
into the data, leading to slightly inflated variance estimates.

G. NIPALS vs. Reg:

This row compares NIPALS PCA to regularized PCA. The differences are even more significant than those seen with
imputation, particularly for PC1 and PC2. This implies that the NIPALS standardization procedure had a more substantial
impact on the variance structure of the data than simple imputation.

H. Explained Variance Differences:

Table 5: Explained Variance Differences
Method PC1 |[PC2 | PC3 | PC4
Imputed vs. Reg.|0.156 [0.149(0.084(0.028

INIPALS vs. Reg. |0.223/0.176(0.042|0.037

VI. LOADINGS CORRELATION DIFFERENCES
The table presents the correlation differences between the loadings (variable contributions) of each PC for different
PCA methods compared to regularized PCA. The results show that for most PCs, the correlation differences are relatively
small, indicating that imputed PCA and regularized PCA generally identify similar patterns of variable contributions.
However, there are a few exceptions (e.g., PC4) where the difference is more substantial, suggesting that imputation might
have altered the relative importance of some variables.

The correlation differences are more significant here compared to the imputed PCA, implying that the NIPALS
standardization had a more significant impact on how variables contribute to each PC. The higher differences in the first few
PCs suggest that the core structure of the data might be perceived differently under NIPALS compared to regularized PCA.

The results highlight the importance of methodological sensitivity, the sub- the impact of imputation, and the strong
influence of NIPALS standardization. Researchers must carefully consider the choice of PCA method and missing data
handling technique, as these decisions can substantially affect the interpretation of results. Regularized PCA appears to be
relatively robust to missing data, making it a good baseline for comparison. In cases where imputation or NIPALS
standardization is used, it’s crucial to assess standardization of the results to these methods and interpret the findings with
caution.

The study reveals significant differences in explained variance and loadings correlations between different methods
for plant abundance data analysis (PCA). Regularized PCA is a valuable baseline for comparison, as it directly addresses
missing values by replacement and centering. Imputed PCA fills in missing values but introduces uncertainty, potentially
leading to deviations. The NIPALS standardization method results in the most pronounced differences, possibly due to its
different scaling approach and iterative nature. The analysis emphasizes the importance of careful consideration when
choosing a method for handling missing values in PCA. Further investigation could explore additional imputation methods,
assess the sensitivity of regularized PCA to different parameters, and understand the specific mechanisms behind missing
values to determine the most appropriate approach.

Table 6: Loadings Correlation Differences

Method PC1 | PC2 |PC3 |PC4
Imputed vs. Reg.|0.248/0.084/0.324(0.412
INIPALS vs. Reg. 10.639]0.4630.103|0.391

VII. CONCLUSION
The study evaluated the effectiveness of various methods for handling missing data in Principal Component Analysis
(PCA) on ecological datasets. The methods investigated included NIPALS, mean imputation, and regularized Singular Value
Decomposition (SVD). The results showed that the choice of method significantly impacts the explained variance and
loadings, which are crucial for interpreting the underlying data structure.

NIPALS, which can handle missing data directly without prior imputation, degrades with increasing levels of
missingness, suggesting it might not be suitable for datasets with substantial missing entries. Mean imputation maintains a
high correlation in loadings and low differences in explained variance even with considerable missing- ness but risks
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introducing bias, especially if the missingness mechanism is not random. Regularized SVD demonstrated the most consistent
performance across all levels of missingness, indicating its robustness for handling missing data in PCA.

For ecological datasets, the choice of handling method is critical, with regularized SVD being the most reliable
method. NIPALS may not perform well under severe data sparsity, and mean imputation is a simpler alternative but must be
used cautiously due to potential biases. Future research should explore alternative imputation techniques and their effects
on PCA outcomes, as well as sensitivity analyses to determine optimal regularization parameters for SVD.
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